Introduction {#Sec1}
============

Coarse-graining is the procedure of approximating a system by a simpler or lower-dimensional one, often in some limiting regime. It arises naturally in various fields such as thermodynamics, quantum mechanics, and molecular dynamics, just to name a few. Typically coarse-graining requires a separation of temporal and/or spatial scales, i.e. the presence of fast and slow variables. As the ratio of 'fast' to 'slow' increases, some form of averaging or homogenization should allow one to remove the fast scales, and obtain a limiting system that focuses on the slow ones.

Coarse-graining limits are by nature *singular limits*, since information is lost in the coarse-graining procedure; therefore rigorous proofs of such limits are always non-trivial. Although the literature abounds with cases that have been treated successfully, and some fields can even be called well-developed---singular limits in ODEs and homogenization theory, to name just two---many more cases seem out of reach, such as coarse-graining in materials \[[@CR25]\], climate prediction \[[@CR66]\], and complex systems \[[@CR33], [@CR59]\].

All proofs of singular limits hinge on using certain *special structure* of the equations; well-known examples are compensated compactness \[[@CR55], [@CR72]\], the theories of viscosity solutions \[[@CR19]\] and entropy solutions \[[@CR46], [@CR69]\], and the methods of periodic unfolding \[[@CR16], [@CR17]\] and two-scale convergence \[[@CR5]\]. *Variational-evolution structure*, such as in the case of gradient flows and variational rate-independent systems, also facilitates limits \[[@CR28], [@CR51], [@CR53], [@CR54], [@CR67], [@CR70], [@CR71]\].

In this paper we introduce and study such a structure, which arises from the theory of *large deviations* for stochastic processes. In recent years we have discovered that many gradient flows, and also many 'generalized' gradient systems, can be matched one-to-one to the large-deviation characterization of some stochastic process \[[@CR2], [@CR3], [@CR24], [@CR26], [@CR27], [@CR52]\]. The large-deviation rate functional, in this connection, can be seen to *define* the generalized gradient system. This connection has many philosophical and practical implications, which are discussed in the references above.

We show how in such systems, described by a rate functional, 'passing to a limit' is facilitated by the duality structure that a rate function inherits from the large-deviation context, in a way that meshes particularly well with coarse-graining.

Variational approach---an outline {#Sec2}
---------------------------------

The systems that we consider in this paper are evolution equations in a space of measures. Typical examples are the forward Kolmogorov equations associated with stochastic processes, but also various nonlinear equations, as in one of the examples below.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t>0$$\end{document}$ and the integral of the Fisher information, is also bounded. This will be used to apply the Arzelà--Ascoli theorem to obtain certain compactness and 'local-equilibrium' properties. All this discussion will be made clear in each example in this paper.
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The abstract methodology that we described above arises naturally in the context of *large deviations*, and we now describe this in the context of the three examples that we discuss in the next section. All three originate from (slight modifications of) one stochastic process, that models a collection of interacting particles with inertia in the physical space $\documentclass[12pt]{minimal}
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Note that the functional *I* in ([10](#Equ11){ref-type=""}) is non-negative, since $\documentclass[12pt]{minimal}
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Concrete problems {#Sec4}
-----------------

We now apply the coarse-graining method of Sect. [1.1](#Sec2){ref-type="sec"} to three limits: the *overdamped* limit $\documentclass[12pt]{minimal}
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### Overdamped limit of the Vlasov--Fokker--Planck equation {#Sec5}

The first limit that we consider is the limit of large friction, $\documentclass[12pt]{minimal}
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In this article we recover some of the results mentioned above for the VFP equation using the variational technique described in Sect. [1.1](#Sec2){ref-type="sec"}. Our proof is made up of the following three steps. Theorem [2.4](#FPar6){ref-type="sec"} provides the necessary compactness properties to pass to the limit, Lemma [2.5](#FPar8){ref-type="sec"} gives the characterization ([11](#Equ12){ref-type=""}) of the limit, and in Theorem [2.6](#FPar10){ref-type="sec"} we prove the convergence of the solution of the VFP equation to the solution of ([12](#Equ13){ref-type=""}).

### Small-noise limit of a randomly perturbed Hamiltonian system with one degree of freedom {#Sec6}
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In addition to the interpretation as the many-particle limit of ([6](#Equ6){ref-type=""}), Eq. ([14](#Equ15){ref-type=""}) also is the forward Kolmogorov equation of a randomly perturbed Hamiltonian system in $\documentclass[12pt]{minimal}
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Following \[[@CR37]\] and others, in order to focus on the slow, Hamiltonian-changing motion, we rescale time such that the Hamiltonian, level-set-following motion is fast, of rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma $$\end{document}$. This property was first made rigorous in \[[@CR37]\] for a system with one degree of freedom, as here, and non-degenerate noise, using probabilistic techniques. In \[[@CR38]\] the authors consider the case of degenerate noise by using probabilistic and analytic techniques based on hypoelliptic operators. More recently this problem has been handled using PDE techniques \[[@CR44]\] (the elliptic case) and Dirichlet forms \[[@CR15]\]. In Sect. [3](#Sec18){ref-type="sec"} we give a new proof, using the structure outlined in Sect. [1.1](#Sec2){ref-type="sec"}.

### Small-noise limit of a randomly perturbed Hamiltonian system with *d* degrees of freedom {#Sec7}

The convergence of solutions of ([14](#Equ15){ref-type=""}) as $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon \rightarrow 0$$\end{document}$ to a diffusion process on a graph requires that the non-perturbed system has a unique invariant measure on each connected component of a level set. While this is true for a Hamiltonian system with one degree of freedom, in the higher-dimensional case one might have additional first integrals of motion. In such a system the slow component will not be a one-dimensional process but a more complicated object---see \[[@CR40]\]. However, by introducing an additional stochastic perturbation that destroys all first integrals except the Hamiltonian, one can regain the necessary ergodicity, such that the slow dynamics again lives on a graph.

In Sect. [4](#Sec27){ref-type="sec"} we discuss this case. Equation ([14](#Equ15){ref-type=""}) gains an additional noise term, and reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon \rightarrow 0$$\end{document}$. This problem was studied in \[[@CR39]\] and the results closely mirror the previous case. The main difference lies in the proof of the local equilibrium statement, which we discuss in Sect. [4](#Sec27){ref-type="sec"}.

Comparison with other work {#Sec8}
--------------------------

The novelty of the present paper lies in the following.*In comparison with existing literature on the three concrete examples treated in this paper* The results of the three examples are known in the literature (see for instance \[[@CR37]--[@CR39], [@CR58]\]), but they are proved by different techniques and in a different setting. The variational approach of this paper, which has a clear microscopic interpretation from the large-deviation principle, to these problems is new. We provide alternative proofs, recovering known results, in a unified framework. In addition, we obtain all the results on compactness, local-equilibrium properties and liminf inequalities solely from the variational structures. The approach also is applicable to approximate solutions, which obey the original fine-grained dynamics only to some error. This allows us to work with larger class of measures and to relax many regularity conditions required by the exact solutions. Furthermore, our abstract setting has potential applications to many other systems.*In comparison with recently developed variational-evolutionary methods* Many recently developed variational techniques for 'passing to a limit' such as the Sandier-Safety method based on the $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi ^*$$\end{document}$ structure \[[@CR6], [@CR51], [@CR70]\] only apply to gradient flows, i.e. dissipative systems. The approach of this paper also applies to certain variational-evolutionary systems that include non-dissipative effects, such as GENERIC systems \[[@CR26], [@CR62]\]; our examples illustrate this. Since our approach only uses the duality structure of the rate functionals, which holds true for more general systems, this method also works for other limits in non-gradient-flow systems such as the Langevin limit of the Nosé--Hoover--Langevin thermostat \[[@CR31], [@CR61], [@CR68]\].*Quantification of the coarse-graining error* The use of the rate functional as a central ingredient in 'passing to a limit' and coarse-graining also allows us to obtain quantitative estimates of the coarse-graining error. One intermediate result of our analysis is a functional inequality similar to the energy-dissipation inequality in the gradient-flow setting (see ([4](#Equ4){ref-type=""})). This inequality provides an upper bound on the free energy and the integral of the Fisher information by the rate functional and initial free energy. To keep the paper to a reasonable length, we address this issue in details separately in a companion article \[[@CR23]\].We provide further comments in Sect. [5](#Sec28){ref-type="sec"}.

Outline of the article {#Sec9}
----------------------

The rest of the paper is devoted to the study of three concrete problems: the overdamped limit of the VFP equation in Sect. [2](#Sec11){ref-type="sec"}, diffusion on a graph with one degree of freedom in Sect. [3](#Sec18){ref-type="sec"}, and diffusion on a graph with many degrees of freedom in Sect. [4](#Sec27){ref-type="sec"}. In each section, the main steps in the abstract framework are performed in detail. Section [5](#Sec28){ref-type="sec"} provides further discussion. Finally, detailed proofs of some theorems are given in Appendices A and B.

Summary of notation {#Sec10}
-------------------
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Overdamped limit of the VFP equation {#Sec11}
====================================

Setup of the system {#Sec12}
-------------------
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We also define the *relative Fisher Information* with respect to $\documentclass[12pt]{minimal}
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### Lemma 2.1 {#FPar1}

(Equivalence of relative-Fisher-Information expressions for a.c. measures) If $\documentclass[12pt]{minimal}
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For a measure of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta (dq)f(p)dp$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta \not \ll dq$$\end{document}$, the functional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {I}}$$\end{document}$ in ([24](#Equ25){ref-type=""}) may be finite while the integral in ([25](#Equ26){ref-type=""}) is not defined. Because of the central role of duality in this paper, definition ([24](#Equ25){ref-type=""}) is a natural one, as we shall see below. The proof of Lemma [2.1](#FPar1){ref-type="sec"} is given in Appendix [A](#Sec29){ref-type="sec"}.

In the introduction we mentioned that we expect $\documentclass[12pt]{minimal}
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### Lemma 2.2 {#FPar2}
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### Proof {#FPar3}
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In the following theorem we give the central *a priori* estimate, in which free energy and relative Fisher Information are bounded from above by the rate functional and the relative entropy at initial time.

### Theorem 2.3 {#FPar4}
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This estimate will lead to a priori bounds in two ways. First, the bound ([29](#Equ30){ref-type=""}) gives tightness estimates, and therefore compactness in space and time (Theorem [2.4](#FPar6){ref-type="sec"}); secondly, by ([28](#Equ29){ref-type=""}), the relative Fisher Information is bounded by $\documentclass[12pt]{minimal}
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### Proof {#FPar5}

We give a heuristic motivation here; Appendix [B](#Sec30){ref-type="sec"} contains a full proof. Given a trajectory $\documentclass[12pt]{minimal}
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For exact solutions of the VFP equation, i.e. when $\documentclass[12pt]{minimal}
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Equation ([29](#Equ30){ref-type=""}) follows by substituting$$\documentclass[12pt]{minimal}
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Coarse-graining and compactness {#Sec14}
-------------------------------

As we described in the introduction, in the overdamped limit $\documentclass[12pt]{minimal}
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### Theorem 2.4 {#FPar6}
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### Proof {#FPar7}

To prove part 1, note that the positivity of the convolution integral involving $\documentclass[12pt]{minimal}
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Local equilibrium {#Sec15}
-----------------
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### Proof {#FPar9}
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Liminf inequality {#Sec16}
-----------------

The final step in the variational technique is proving an appropriate liminf inequality which also provides the structure of the limiting coarse-grained evolution. The following theorem makes this step rigorous.
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### Theorem 2.6 {#FPar10}
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### Proof {#FPar11}
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Discussion {#Sec17}
----------

The ingredients of the convergence proof above are, as mentioned before, (a) a compactness result, (b) a local-equilibrium result, and (c) a liminf inequality. All three follow from the large-deviation structure, through the rate functional $\documentclass[12pt]{minimal}
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*Local equilibrium* The local-equilibrium statement depends crucially on the structure of $\documentclass[12pt]{minimal}
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*Liminf inequality* As remarked in the introduction, the duality structure of $\documentclass[12pt]{minimal}
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As we have shown, the choice of the coarse-graining map has the advantage that it has caused the (large) coefficients $\documentclass[12pt]{minimal}
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Diffusion on a graph in one dimension {#Sec18}
=====================================

In this section we derive the small-noise limit of a randomly perturbed Hamiltonian system, which corresponds to passing to the limit $\documentclass[12pt]{minimal}
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As mentioned in the introduction, the dynamics of ([41](#Equ42){ref-type=""}) has two time scales when $\documentclass[12pt]{minimal}
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The solutions of ([43](#Equ44){ref-type=""}) follow level sets of *H*. There exist three types of such solutions: stationary ones, periodic orbits, and homoclinic orbits. Stationary solutions of ([43](#Equ44){ref-type=""}) correspond to stationary points of *H* (where $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla H \not =0$$\end{document}$; and homoclinic orbits to components of level sets of *H* that are terminated on each end by a stationary point. Since we have assumed in (A3) that there is at most one stationary point in each level sets, heteroclinic orbits do not exist, and the orbits necessarily connect a stationary point with itself.

Looking ahead towards coarse-graining, we define $\documentclass[12pt]{minimal}
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For practical purposes we also introduce a coordinate system on $\documentclass[12pt]{minimal}
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Adding noise: diffusion on the graph {#Sec20}
------------------------------------
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The results of this section are stated and proved in terms of the corresponding objects $\documentclass[12pt]{minimal}
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Compactness {#Sec21}
-----------

As in the case of the VFP equation, Eq. ([41](#Equ42){ref-type=""}) has a free energy, which in this case is simply the Boltzmann entropy$$\documentclass[12pt]{minimal}
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The corresponding 'relative' Fisher Information is the same as the Fisher Information in the *p*-variable,$$\documentclass[12pt]{minimal}
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The following theorem states the relevant *a priori* estimates in this setting.

### Theorem 3.1 {#FPar12}
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See Appendix [D](#Sec36){ref-type="sec"} for a proof of Theorem [3.1](#FPar12){ref-type="sec"}.

Note that the estimate ([50](#Equ51){ref-type=""}) implies that $\documentclass[12pt]{minimal}
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The next result summarizes the compactness properties for any sequence $\documentclass[12pt]{minimal}
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### Theorem 3.2 {#FPar13}
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Local equilibrium {#Sec22}
-----------------
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-------------------------------------------------------------------------------------------

As a consequence of the local-equilibrium property ([52](#Equ53){ref-type=""}) and the boundedness of the Fisher Information, we will show in the following that $\documentclass[12pt]{minimal}
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The local-equilibrium result Lemma [3.3](#FPar14){ref-type="sec"} states that the limit measure $\documentclass[12pt]{minimal}
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### Proof {#FPar17}
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This corollary follows by combining Lemma [3.4](#FPar16){ref-type="sec"} with Lemma [3.3](#FPar14){ref-type="sec"}.

Liminf inequality {#Sec24}
-----------------

We now derive the final ingredient of the proof, the liminf inequality. Define$$\documentclass[12pt]{minimal}
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### Theorem 3.6 {#FPar19}
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Study of the limit problem {#Sec25}
--------------------------
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From this lemma the expression ([61](#Equ62){ref-type=""}) follows by simple manipulation.

With these two results, we can obtain a differential-equation characterization of those $\documentclass[12pt]{minimal}
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We now prove the inequality ([62](#Equ63){ref-type=""}).
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We still owe the reader the proof of Lemma [3.7](#FPar21){ref-type="sec"}.

### Proof of Lemma 3.7 {#FPar24}
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For part 2, since *H* is coercive, $\documentclass[12pt]{minimal}
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Finally, for part 3, note first that *TB* is bounded near each interior vertex. This follows by an explicit calculation and our assumption that each interior vertex corresponds to exactly one, non-degenerate, saddle point. Since $\documentclass[12pt]{minimal}
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Conclusion and discussion {#Sec26}
-------------------------

The combination of Theorems [3.2](#FPar13){ref-type="sec"} and [3.6](#FPar19){ref-type="sec"} give us that along subsequences $\documentclass[12pt]{minimal}
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In switching from the VFP Eqs. ([9](#Equ10){ref-type=""})--([41](#Equ42){ref-type=""}) we removed two terms, representing the friction with the environment and the interaction between particles. Mathematically, it is straightforward to treat the case with friction, which leads to an additional drift term in the limit equation in the direction of decreasing *h*. We left this out simply for the convenience of shorter expressions.

As for the interaction, represented by the interaction potential $\documentclass[12pt]{minimal}
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The results of the current and the next sections were proved by Freidlin and co-authors in a series of papers \[[@CR36]--[@CR40]\], using probabilistic techniques. Recently, Barret and Von Renesse \[[@CR15]\] provided an alternative proof using Dirichlet forms and their convergence. The latter approach is closer to ours in the sense that it is mainly PDE-based method and of variational type. However, in \[[@CR15]\] the authors consider a perturbation of the Hamiltonian by a friction term and a non-degenerate noise, i.e. the noise is present in both space and momentum variables; this non-degeneracy appears to be essential in their method. Moreover, their approach invokes a reference measure which is required to satisfy certain non-trivial conditions. In contrast, the approach of this paper is applicable to degenerate noise and does not require such a reference measure. In addition, certain non-linear evolutions can be treated, such as the example of the VFP equation.
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We now switch to our final example. As described in the introduction, the higher-dimensional analogue of the diffusion-on-graph system has an additional twist: in order to obtain unique stationary measures on level sets of $\documentclass[12pt]{minimal}
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Conclusion and discussion {#Sec28}
=========================

In this paper we have presented a structure in which coarse-graining and 'passing to a limit' combine in a natural way, and which extends also naturally to a class of approximate solutions. The central object is the rate function *I*, which is minimal and vanishes at solutions; in the dual formulation of this rate function, coarse-graining has a natural interpretation, and the inequalities of the dual formulation and of the coarse-graining combine in a convenient way.

We now comment on a number of issues related with this method.

*Why does this method work?* One can wonder why the different pieces of the arguments of this paper fit together. Why do the relative entropy and the relative Fisher information appear? To some extent this can be recognized in the similarity between the duality definition of the rate function *I* and the duality characterization of relative entropy and relative Fisher Information. The details of Appendix [B](#Sec30){ref-type="sec"} show this most clearly, but the similarity between the duality definition of the relative Fisher information and the duality structure of *I* can readily be recognized: in ([19](#Equ20){ref-type=""}) combined with ([18](#Equ19){ref-type=""}) we collect the $\documentclass[12pt]{minimal}
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*Relation with other variational formulations* Our variational formulation ([2](#Equ2){ref-type=""}) to 'passing to a limit' is closely related to other variational formulations in the literature, notably the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}^\varepsilon $$\end{document}$. The method introduced in \[[@CR7], [@CR64]\] is slightly different. Therein 'passing to a limit' in the evolution equation is executed by studying (Gamma-)limits of the functionals that appear in the approximating discrete minimizing-movement schemes.

The similarities between these two approaches and ours is that all the methods hinge on duality structure of the relevant functionals, allow one to obtain both compactness and limiting results, and can work with approximate solutions, see e.g. \[[@CR6]\] and the papers above for details. In addition, all methods assume some sort of well-prepared initial data, such as bounded initial free energy and boundedness of the functionals. Our assumptions on the boundedness of the rate functionals arise naturally in the context of large-deviation principle since this assumption describes events of a certain degree of 'improbability'.

The main difference is that the method of this paper makes no use of the gradient-flow structure, and therefore also applies to non-gradient-flow systems as in this paper. The first example, of the overdamped limit of the VFP equation, also is interesting in the sense that it derives a dissipative system from a non-dissipative one. Since the GENERIC framework unifies both dissipative and non-dissipative systems, we expect that the method of this paper could be used to derive evolutionary convergence for GENERIC systems (see the next point). Finally, we emphasize that using the duality of the rate functional is mathematically convenient because we do not need to treat the three terms in the right-hand side of ([72](#Equ73){ref-type=""}) separately. Note that although the entropy and energy functionals as well as the dissipation mechanism are not explictly present in this formulation, we are still able to derive an energy-dissipation inequality in ([4](#Equ4){ref-type=""}).

*Relation with GENERIC* As mentioned in the introduction, the Vlasov--Fokker--Planck system ([8](#Equ9){ref-type=""}) combines both conservative and dissipative effects. In fact it can be cast into the GENERIC form by introducing an excess-energy variable *e*, depending only on time, that captures the fluctuation of energy due to dissipative effects (but does not change the evolution of the system). The building blocks of the GENERIC for the augmented system for $\documentclass[12pt]{minimal}
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                \begin{document}$$(\rho ,e)$$\end{document}$ can be easily deduced from the conservative and dissipative effects of the original Vlasov--Fokker--Planck equation. Moreover, this GENERIC structure can be derived from the large-deviation rate functional of the empirical process ([7](#Equ8){ref-type=""}). We refer to \[[@CR26]\] for more information. This suggests that our method could be applied to other GENERIC systems.

*Gradient flows and large-deviation principles* As mentioned in the introduction, this approach using the duality formulation of the rate functionals is motivated by our recent results on the connection between generalised gradient flows and large-deviation principles  \[[@CR2], [@CR3], [@CR24], [@CR26], [@CR27], [@CR52]\]. We want to discuss here how the two overlap but are not the same. In \[[@CR52]\], the authors show that if $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {N}}^\varepsilon $$\end{document}$ is the adjoint operator of a generator of a Markov process that satisfies a *detailed balance condition*, then the evolution ([1](#Equ1){ref-type=""}) is the same as the generalised gradient flow induced from a large-deviation rate functional, which is of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {L}^\varepsilon $$\end{document}$ \[[@CR52], Theorem 3.3\]. However, it is not clear if such characterisation holds true for systems that do not satisfy detailed balance. In addition, there exist (generalised) gradient flows for which we currently do not know of any corresponding microscopic particle systems, such as the Allen--Cahn and Cahn--Hilliard equations.

*Quantification of coarse-graining error* The use of the rate functional in a central role allows us not only to derive the limiting coarse-grained system but also to obtain quantitative estimates of the coarse-graining error. Existing quantitative methods such as \[[@CR42], [@CR49]\] only work for gradient flows systems since they use crucially the gradient flow structures. The essential estimate that they need is the energy-dissipation inequality, which is similar to ([4](#Equ4){ref-type=""}). Since we are able to obtain this inequality from the duality formulation of the rate functionals, our method would offer an alternative technique for obtaining quantitative estimate of the coarse-graining error for both dissipative and non-dissipative systems. We address this issue in detail in a companion article \[[@CR23]\].

*Other stochastic processes* The key ingredient of the method is the duality structure of the rate functional ([5](#Equ5){ref-type=""}) and ([10](#Equ11){ref-type=""}). This duality formulation holds true for many other stochastic processes; indeed, the 'Feng--Kurtz' algorithm (see chapter 1 of \[[@CR32]\]) suggests that the large-deviation rate functional for a very wide class of Markov processes can be written as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$ is an appropriate limit of 'non-linear' generators. The formula ([10](#Equ11){ref-type=""}) is a special case. As a result, we expect that the method can be extended to this same wide class of Markov processes.

A Proof of Lemma [2.1](#FPar1){ref-type="sec"} {#Sec29}
==============================================
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Lemma A.1 {#FPar25}
---------
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Assuming Lemma [A.1](#FPar25){ref-type="sec"} for the moment we rewrite $\documentclass[12pt]{minimal}
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B Proof of Theorem [2.3](#FPar4){ref-type="sec"} {#Sec30}
================================================

In this appendix, we prove Theorem [2.3](#FPar4){ref-type="sec"} using the method of the duality equation; see e.g. \[[@CR1], [@CR12], [@CR29], [@CR65]\] or \[[@CR13], Ch. 9\] for examples. Throughout this appendix $\documentclass[12pt]{minimal}
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In the next few results we study certain properties of an auxiliary PDE and its connection to the rate functional.

Theorem B.2 {#FPar29}
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Proof {#FPar30}
-----
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The next result connects the solution of the auxiliary Eq. ([76a](#Equ77){ref-type=""}) to the rate functional ([73](#Equ74){ref-type=""}).

Proposition B.4 {#FPar33}
---------------

Let *f* be the solution of ([76a](#Equ77){ref-type=""}), ([76b](#Equ78){ref-type=""}) in the sense of Theorem [B.2](#FPar29){ref-type="sec"}. Then for $\documentclass[12pt]{minimal}
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Proof {#FPar34}
-----
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We are now ready to prove Theorem [2.3](#FPar4){ref-type="sec"}.

Proof of Theorem 2.3 {#FPar35}
--------------------

Combining ([83](#Equ85){ref-type=""}) with Eq. ([76a](#Equ77){ref-type=""}) we have$$\documentclass[12pt]{minimal}
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C Properties of the auxiliary PDE {#Sec31}
=================================

In this appendix we will study the following equation in $\documentclass[12pt]{minimal}
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Equation ([78](#Equ80){ref-type=""}) is a special case of ([96](#Equ98){ref-type=""}) with the choice$$\documentclass[12pt]{minimal}
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The results of this appendix are a generalization of \[[@CR21], Appendix A\]. In that reference Degond treats the case of Eq. ([96](#Equ98){ref-type=""}) without on-site and interaction potentials and without the friction term $\documentclass[12pt]{minimal}
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C.1 Well-posedness {#Sec32}
------------------

Following Degond \[[@CR21]\] we introduce a change of variable$$\documentclass[12pt]{minimal}
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We now state our main result.

### Theorem C.1 {#FPar36}
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To prove Theorem [C.1](#FPar36){ref-type="sec"}, we require certain properties of *Y*. In the first lemma below, we prove an auxiliary result concerning the commutator of a mollification with a multiplication. In the second lemma we prove that $\documentclass[12pt]{minimal}
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### Lemma C.2 {#FPar37}
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### Proof {#FPar38}

The argument of the norm on the left hand side of ([104](#Equ106){ref-type=""}) is$$\documentclass[12pt]{minimal}
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### Lemma C.3 {#FPar39}
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### Proof {#FPar40}

We prove this lemma in two steps. In the first step we approximate functions in *Y* by spatially compactly supported functions. In the second step we approximate functions in *Y* with spatially compact support by smooth functions.
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Now we are ready to prove Theorem [C.1](#FPar36){ref-type="sec"}. We will make use of a result of Lions \[[@CR48]\], which we state here for convenience.

### Theorem C.5 {#FPar43}
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### Proof of Theorem C.1 {#FPar44}

We will use Theorem [C.5](#FPar43){ref-type="sec"} to show the existence of a solution to the variational equation ([101](#Equ103){ref-type=""}). We choose $\documentclass[12pt]{minimal}
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### Remark C.6 {#FPar45}

Using the same technique as in the uniqueness proof above we can prove the following result. If $\documentclass[12pt]{minimal}
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Theorem [C.1](#FPar36){ref-type="sec"} proves the well-posedness of the variational Eq. ([101](#Equ103){ref-type=""}) which is a weak form for the time-rescaled Eq. ([98](#Equ100){ref-type=""}). Transforming back, we also conclude the well-posedness of the variational equation corresponding to the original Eq. ([96](#Equ98){ref-type=""}). We state this in the following corollary.

### Corollary C.7 {#FPar46}
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C.2 Bounds and regularity properties {#Sec33}
------------------------------------

Having discussed the well-posedness of Eq. ([96](#Equ98){ref-type=""}), in this section we derive some properties of its solution. These properties play an important role in the proof of Theorem [B.2](#FPar29){ref-type="sec"}.

### C.2.1 Comparison principle and growth at infinity {#Sec34}

We first provide an auxiliary lemma which we require to prove the comparison principle.

#### Lemma C.8 {#FPar47}
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We now prove the comparison principle.

#### Proposition C.9 {#FPar49}
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#### Proof {#FPar50}
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#### Proposition C.11 {#FPar53}

The solution *g* for the variational problem ([117](#Equ119){ref-type=""}) (in the sense of Corollary [C.7](#FPar46){ref-type="sec"}) with $\documentclass[12pt]{minimal}
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### C.2.2 Regularity {#Sec35}

In this section we prove certain regularity properties for the solution of Eq. ([96](#Equ98){ref-type=""}). We first present a general result regarding regularity of kinetic equations. This result is a combination of Theorems 1.5 and @\@1.6 \[[@CR14]\]. The main difference is that we assume more control on the second derivative with respect to momentum, which also gives us a stronger regularity in the position variable.
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#### Proof {#FPar56}

From \[[@CR14], Theorem 1.5\] it follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _p f\in L^2({\mathbb {R}}\times {\mathbb {R}}^{2d})$$\end{document}$ with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sigma \Vert \Delta _p f\Vert _{L^2}\le C_d \Vert g\Vert _{L^2}, \end{aligned}$$\end{document}$$for a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_d$$\end{document}$ that only depends on the dimension *d*. This implies that the Hessian in the *p*-variable satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^2_pf\in L^2({\mathbb {R}}\times {\mathbb {R}}^{2d})$$\end{document}$ as well.

To prove the Proposition, we first assume that $\documentclass[12pt]{minimal}
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We now use Proposition [C.12](#FPar55){ref-type="sec"} to prove regularity properties of Eq. ([96](#Equ98){ref-type=""}).

#### Proposition C.13 {#FPar57}

Let *g* be the solution of the variational problem ([117](#Equ119){ref-type=""}) (in the sense of Corollary [C.7](#FPar46){ref-type="sec"}) with $\documentclass[12pt]{minimal}
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#### Proof {#FPar58}

Let *g* be the solution of the variational problem ([117](#Equ119){ref-type=""}) in the sense of Corollary [C.7](#FPar46){ref-type="sec"}, but on the time interval $\documentclass[12pt]{minimal}
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#### Remark C.14 {#FPar59}

From Proposition [C.13](#FPar57){ref-type="sec"} it follows that the solution for the variational problem ([117](#Equ119){ref-type=""}) satisfies the original equation ([96](#Equ98){ref-type=""}) (with the choice $\documentclass[12pt]{minimal}
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D Proof of Theorem [3.1](#FPar12){ref-type="sec"} {#Sec36}
=================================================

In this section we prove Theorem [3.1](#FPar12){ref-type="sec"}. We will use the following alternative definition of the rate functionalwhere $\documentclass[12pt]{minimal}
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Proof of Theorem 3.1 {#FPar60}
--------------------
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Next we prove ([50](#Equ51){ref-type=""}). The main idea of the proof is to consider a modified equation for which an estimate of the type ([50](#Equ51){ref-type=""}) holds, and then arrive at ([50](#Equ51){ref-type=""}) by passing to an appropriate limit.
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This can actually be proved using the properties of *A* and *B* near the vertices and applying standard parabolic regularity theory on each of the edges.
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